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Abstract
In this paper, we give the explicit solution to the general Riemann problem for the
linearized system of two-dimensional isentropic flow in gas dynamics.
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1. Introduction
The Riemann problem is a fundamental problem for quasilinear hyperbolic
systems of conservation laws, which is a Cauchy problem with piecewise constant
initial data with a jump at the origin in the one-dimensional case. In the two-
dimensional case, the corresponding Riemann problem may be considered as
the Cauchy problem with constant initial data in each quadrant. However, we
can further consider the Riemann problem in a more general way in the two-
dimensional case: the initial data are piecewise smooth functions of the polar
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angle θ . This kind of Riemann problem is then called the general Riemann
problem.
In this paper, we are interested in solving the general Riemann problem for the


























t = 0: (ρ,u, v)= (ρ0(θ), u0(θ), v0(θ)), (1.2)
where ρ is the density, (u, v) is the velocity, ρ0 is a positive constant, p = p(ρ)
is the equation of state satisfying p′(ρ0) > 0, θ is the polar angle such that{
x = r cosθ,
y = r sin θ, 0 r <+∞, 0 θ  2π, (1.3)
and ρ0(θ), u0(θ), v0(θ) are bounded piecewise smooth functions. In the next
section, we will give the explicit solution to this general Riemann problem.
2. Solution to the general Riemann problem for the linearized system of
two-dimensional isentropic flow in gas dynamics












+ c20 ∂ρ∂x = 0,
∂v
∂t




p′(ρ0) > 0 is the sound speed. The characteristic equation for any











λ0 = 0, λ± =±c0;
then system (2.1) is strictly hyperbolic.
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In order to solve the general Riemann problem (2.2) and (1.2), we first study the
Cauchy problem for (2.3) with the initial data corresponding to (1.2).
Lemma 2.1. Let ρ0(θ) ∈ C1([0,2π]), ρ1(θ) ∈ C([0,2π]) with ρ0(0) = ρ0(2π)
and ρ1(0) = ρ1(2π). Then there exists a unique solution ρ(t, r, θ) ∈ C(R2+ ×
[0,2π])∩C1((R2+ × [0,2π]) \ V ), in which V = {(t, r, θ) | r = c0t}, to the two-
dimensional Cauchy problem
t = 0: ρ = ρ0(θ), ρt = 1
r
ρ1(θ) (2.4)
for Eq. (2.3). Moreover, when r  c0t ,
ρ(t, r, θ)= 1
2
(






where ϕ = sin−1(c0t/r); while, when r < c0t ,













−1 −r cos(α − θ)√
(c0t)2 − r2 sin2(α − θ)
dα (2.6)
(see [1]).
Proof. Using the Poisson formula, we get
















(c0t)2 − (ξ − x)2 − (η− y)2
dξ dη,




denotes the disk with radius c0t , centered at M(x,y). By (2.4), when
r  c0t , denoting
ϕ = sin−1 c0t
r
, !± = r cos(α − θ)±
√
(c0t)2 − r2 sin2(α − θ),
we get



























while, when r < c0t ,































−1 −r cos(α − θ)√
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it is easy to see that ρ(t, r, θ) ∈ C(R2+ × [0,2π]), but its derivatives ut and ur
have singularities on r = c0t . ✷
By (1.2) and the first equation in system (2.2), we have
ρ1(θ)= sin θu′0(θ)− cosθv′0(θ). (2.7)
By Lemma 2.1 and the last two equations in system (2.2), we can easily get the
following theorem.
Theorem 2.2. Let ρ0(θ), u0(θ), v0(θ) ∈ C1((0,2π]) with ρ0(0) = ρ0(2π),
u0(0) = u0(2π), v0(0) = v0(2π), u′0(0) = u′0(2π), and v′0(0) = v′0(2π). Then
there exists a unique solution (ρ,u, v)(t, r, θ) with ρ,u, v ∈ C(R2+ × [0,2π]) ∩
C1((R2+ × [0,2π]) \ V ), in which V = {(t, r, θ) | r = c0t}. ρ(t, r, θ) is given by
(2.5) and (2.6). Moreover, when r  c0t ,








ρ1(α) sinα dα + 12
θ−ϕ∫
θ
ρ1(α) sinα dα, (2.8)








ρ1(α) cosα dα − 12
θ−ϕ∫
θ
ρ1(α) cosα dα, (2.9)
where ϕ = sin−1(c0t/r); while, when r < c0t ,














sin(α − θ) sinα
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sin(α − θ) cosα
























where u1(θ)= u(t1, r, θ), v1(θ)= v(t1, r, θ), in which u and v are given by (2.8)
and (2.9) and t1 = r/c0.





dt = − 1
2c20
[(
ρ0(θ + ϕ)+ ρ0(θ − ϕ)
)
c0
+ sin(θ + ϕ)u0(θ + ϕ)− sin(θ − ϕ)u0(θ − ϕ)








ρ0(θ + α)+ ρ0(θ − α)
)
cosαc0
+ sin(θ + 2α)u0(θ + α)− sin(θ − 2α)u0(θ − α)










ρ0(θ + ϕ)− ρ0(θ − ϕ)
)
c0
+ sin(θ + ϕ)u0(θ + ϕ)+ sin(θ − ϕ)u0(θ − ϕ)








ρ0(θ + α)− ρ0(θ − α)
)
sinαc0
− cos(θ + 2α)u0(θ + α)+ cos(θ − 2α)u0(θ − α)






sin θu0(θ)− cos θv0(θ)
)
.
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Then, integrating the last two equations in (2.2) from 0 to t , we easily get (2.8)
and (2.9). When r < c0t , denoting t1 = rc0 , we have






























By calculations similar to those above, we can obtain (2.10) and (2.11).
It is obvious that the solution is self-similar: (ρ,u, v)(t, x, y)= (ρ,u, v)(x/t,
y/t), and we can verify that ρ,u, v ∈ C(R2+ × [0,2π]) ∩ C1((R2+ × [0,2π]) \
V ). ✷
3. Solution to the general Riemann problem for the linearized system of
two-dimensional isentropic flow in gas dynamics (continued)
In this section, we consider the case that the Riemann data ρ0(θ), u0(θ), v0(θ)
are only bounded and piecewise smooth on [0,2π], and we can still get that there



















w(0, x, y)φ(0, x, y) dx dy = 0 (3.1)
for all φ ∈ C10 (R+ ×R2), where W = (ρ,u, v)T and
A=

 0 1 0c20 0 0
0 0 0

 , B =





Because of the linearity of the Riemann problem (2.1) and (1.2), without loss
of generality, one can reduce the original general Riemann problem to a simpler
one such as













(0 θ < 2π), (3.2)
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where ρ0(θ), u0(θ), v0(θ) ∈ C1([0,2π]) and H is the Heaviside function. (3.2)
means that (ρ,u, v)(0, x, y) = (ρ0(θ), u0(θ), v0(θ)) in the first quadrant and
(ρ,u, v)(0, x, y)= (0,0,0) otherwise.
Theorem 3.1. There exists a unique weak solution to the general Riemann
problem (2.1) and (3.2), which is regular in the following domains Di (1 
i  8). Moreover, denoting ρ1(θ) = sin θu′0(θ) − cosθv′0(θ), we have that in
D1 = {(t, x, y) | t > 0, x > c0t , y > c0t},












θ ρ1(α) sinα dα + 12
∫ θ−ϕ
θ ρ1(α) sinα dα,













in D2 = {(t, x, y) | t > 0, 0 < x < c0t , y > c0t},

































in D3 = {(t, x, y) | t > 0, −c0t < x  0, y >
√
(c0t)2 − x2 },










)− c02 ρ0(π2 )+ c02 ∫ π/2θ−ϕ ρ′0(α) sinα dα
− 12
∫ π/2
θ−ϕ ρ1(α) sinα dα − 12
∫ θ








θ−ϕ ρ1(α) cosα dα + 12
∫ θ
θ−ϕ ρ1(α) cosα dα;
(3.5)
in D4 = {(t, x, y) | t > 0, x < −c0t or x  0, y < −c0t or −c0t  x  0,
y <−√(c0t)2 − x2 },
ρ = 0, u= 0, v = 0; (3.6)
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in D5 = {(t, x, y) | t > 0, x >
√
(c0t)2 − y2, −c0t < y < 0},








0(α) sinα dα+ 12
∫ θ+ϕ−2π
0 ρ1(α) sinα dα,







0 ρ1(α) cosα dα;
(3.7)
in D6 = {(t, x, y) | t > 0, x > t , 0 < y < t},











θ ρ1(α) sinα dα− 12
∫ θ
0 ρ1(α) sinα dα,







θ ρ1(α) sinα dα+ 12
∫ θ
0 ρ1(α) cosα dα;
(3.8)
in D7 = {(t, x, y) | t > 0, 0 < x < c0t ,
√








)+ v0(0))+ 12c0 ∫ π/20 ρ1(α) dα,








ρ1(α) sinα dα − 12
∫ θ
0 ρ1(α) sinα dα,








ρ1(α) cosα dα + 12
∫ θ
0 ρ1(α) cosα dα;
(3.9)















−1 −r cos(α − θ)√










cos−1 −r sin θ√
(c0t)2 − r2 cos2 θ
+ v0(0) cos−1 −r cosθ√
(c0t)2 − r2 sin2 θ
)
, (3.10)
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sin(α − θ) sinα



















































































Proof. From the Riemann data (3.2), we can easily obtain that{











Using formulae (2.8)–(2.11), we can get the solution to the general Riemann
problem (2.1) and (3.2) in each regular domain as follows. When r > c0t ,
denoting ϕ = sin−1(c0t/r),
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(1) In D1, we have r >
√
2c0t , 0 < ϕ < θ < π/2− ϕ, 0 < ϕ < π/4; then
0 < θ − ϕ < θ + ϕ < π
2
,
thus we get (3.3).
(2) In D2, we have r > c0t , π/2− ϕ < θ < π/2, 0 < ϕ < π/4; then





< θ + ϕ < 3π
4
,
hence (3.4) is obtained.
(3) In D3, we have r > c0t , π/2 < θ < π/2+ϕ, 0 < ϕ < π/4, or π −ϕ < θ <
π/2+ ϕ, π/4 < ϕ < π/2; then
0 < θ − ϕ < π
2
< θ < θ + ϕ,
thus we get (3.5).
(4) In D4, we have r > c0t , π/2+ ϕ < θ < 2π − ϕ, 0 < ϕ < π/2; then
π
2
< θ − ϕ < θ < θ + ϕ < 2π,
hence (3.6) is obtained.
(5) In D5, we have r > c0t , 2π − ϕ < θ < 2π , 0< ϕ < π/4, or 2π − ϕ < θ <
3π/2+ ϕ, π/4 θ < π/2; then
π < θ − ϕ < θ < 2π < θ + ϕ,
hence (3.7) is obtained.
(6) In D6, we have r > c0t , 0 < θ < ϕ, 0 < ϕ < π/4; then
−π
4
< θ − ϕ < 0 < θ < θ + ϕ < π
2
,
hence (3.8) and is obtained.
(7) In D7, we have c0t < r <
√
2 c0t , π/2− ϕ < θ < ϕ, π/4 < ϕ < π/2; then
θ − ϕ < 0 < θ < π
2
< θ + ϕ,
thus we get (3.9).
(8) In D8, we have r  c0t , 0  θ < 2π . By (2.6), (2.10)–(2.11) and initial
data (3.13), we can easily obtain (3.10)–(3.12).
It is easy to verify that W = (ρ,u, v)T satisfying the system (2.1) in the
classical sense in each regular domain Di (1  i  8) and the corresponding
Rankine–Hugoniot condition on each interface
nij · (I,A,B)[W ]|Γij = 0, 1 i, j  8, i = j, (3.14)
where [W ]|Γij denotes the jump of W = (u, v)T across the interface Γij between
Di and Dj and nij is a unit normal to Γij from Di to Dj . Therefore, W =
(ρ,u, v)T is just the solution to the general Riemann problem (2.1) and (3.2). ✷
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Corollary 3.2. If (ρ0(θ), u0(θ), v0(θ)) ≡ (ρ0, u0, v0) in Theorem 3.1, where




(ρ0, u0, v0), (t, x, y) ∈D1,( 1
2ρ0 − 12c0 u0, 12u0 − 12c0ρ0, v0
)
, (t, x, y) ∈D2,( 1
2ρ0 − 12c0 u0, 12u0 − 12c0ρ0,0
)
, (t, x, y) ∈D3,
(0,0,0), (t, x, y) ∈D4,( 1
2ρ0 − 12c0 v0,0, 12v0 − 12c0ρ0
)
, (t, x, y) ∈D5,( 1
2ρ0 − 12c0 v0, u0, 12v0 − 12c0ρ0
)










2 sin θ cosθ√
((c0t)2 − (r cos θ)2)((c0t)2 − (r sin θ)2)
− u0
2πc0
cos−1 −r sin θ√




(c0t)2 − (r cosθ)2
, (3.16)













































2u0 − 12c0ρ0, 0 < θ < π ,




2v0 − 12c0ρ0, −π2 < θ < π2 ,




Proof. We need only consider the solution in D8. By (3.10), we have




















−1 −r sin θ√
(c0t)2 − r2 cos2 θ
+ v0 cos−1 −r cosθ√
(c0t)2− r2 sin2 θ
)
.
Then, we can obtain (3.16). (3.17) and (3.18) can be obtained in a similar way. ✷
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